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We study the high-temperature phase of compact U(1) gauge theory in 2 + 1 dimensions,
comparing the results of lattice calculations with analytical predictions from the conformal-
field-theory description of the low-temperature phase of the bidimensional XY model. We
focus on the two-point correlation functions of probe charges and the field-strength operator,
finding excellent quantitative agreement with the functional form and the continuously
varying critical indices predicted by conformal field theory.
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1 Introduction
Quantum electrodynamics (QED) in three spacetime dimensions is an interesting theoretical
model, with many applications relevant for high- and low-energy physics. On the one
hand, it shares important qualitative features such as charge confinement and dynamical
chiral-symmetry breaking with non-Abelian gauge theories in four dimensions [1]. On the
other hand, it also provides a useful effective description of the long-wavelength physics for
different condensed-matter systems [2–11].
Thanks to its relative mathematical simplicity, this is one of the few quantum field
theories in which non-trivial dynamical properties can be studied analytically. Classical
results include the seminal studies by Polyakov [12, 13]: his semiclassical calculations showed
that the ground state of the theory is a plasma1 of monopoles (which are instanton-like
objects in three dimensions), leading to a linearly confining potential for static electric
probe charges and to a finite mass gap, for all positive values of the gauge coupling e. In
this setup, a crucial ingredient for the existence of monopoles is the compactness of the
U(1) gauge group, which is realized when the theory is regularized on a lattice [15] or when
U(1) is a subgroup of a compact group, as, for example, in the Georgi-Glashow model [16].
Another milestone in the literature on this theory was the analytical proof, due to Göpfert
and Mack [17], of the existence of a non-zero mass gap and of a finite string tension, in the
Villain formulation of the model [18].
Other analytical studies have investigated the interplay of topological properties in
three-dimensional spacetime and the generation of mass for gauge fields [19], the struc-
ture of perturbative expansions for this super-renormalizable theory [20], chiral-symmetry
breaking [21–25] and the qualitative change in vacuum structure driven by a sufficiently
large number of dynamical fermion species [26–53], and a number of other interesting as-
pects [54–72].
In parallel with these analytical studies, QED in three spacetime dimensions has also
been extensively investigated by means of lattice simulations: this has been done both
with [1, 73–83] and without [84–109] dynamical fermion fields.
The behavior of U(1) gauge theory (regularized on the lattice) at finite temperature
T and without matter fields, which has been studied in refs. [54, 87, 91–94, 101–104],
is particularly interesting: there exists a finite critical temperature Tc such that linear
confinement persists for temperatures T < Tc, whereas for T > Tc the potential V associated
with a pair of static charges grows logarithmically with their spatial separation r. This can
be compared and contrasted with what happens in SU(N) gauge theories in 3+1 spacetime
dimensions [110], which exhibit a linearly confining phase at low temperatures and a phase
transition to a deconfined phase at a finite temperature. This deconfinement transition can
be interpreted in terms of spontaneous breakdown of a global symmetry based on the center
ZN of the gauge group: the order parameter is the average Polyakov loop P, i.e. the trace of
a Wilson line winding around the Euclidean-time direction [111–113]. After renormalization
of an ultraviolet divergence [114] (see also ref. [115] and references therein), the average
1Note that the finiteness of the screening length for a Coulomb gas in three spacetime dimensions can
be proven by renormalization-group arguments [14].
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Polyakov loop can be directly related to the free energy associated with a chromoelectric
probe charge: in the thermodynamic limit 〈P〉 vanishes for T < Tc (implying an infinite
energy cost for the existence of an isolated fundamental color source in the confining phase,
i.e. quark confinement), whereas it has a finite expectation value at T > Tc. In contrast,
the U(1) center symmetry of U(1) gauge theory in 2+1 dimensions remains unbroken, and,
while in the high-temperature phase the theory does not have a dynamically generated,
finite, characteristic length scale, the logarithmic Coulomb potential is still sufficient to
confine static charges.
As the finite-temperature transition in U(1) gauge theory in 2+1 dimensions is contin-
uous, one expects that at T = Tc the long-distance properties of the system are equivalent
to those of a two-dimensional spin system with global U(1) symmetry [116], i.e. the classical
XY model, that exhibits a Kosterlitz-Thouless transition [117] (see also refs. [118–121]). In
the past, the validity of this conjecture has been investigated in various numerical stud-
ies [87, 101–103] and the most recent work gives conclusive evidence in support of it [104].
As discussed in ref. [116], this correspondence relies on the continuous nature of the
transition at T = Tc. In turn, the existence of an infinite correlation length is also an
essential necessary condition for scale and conformal invariance. In the two-dimensional
XY model, this condition is realized in a peculiar way: even though the system can never
have spontaneous magnetization [122], at low temperatures the model is in a phase char-
acterized by “topological” order [117], with two-point spin correlation functions decaying
only with inverse powers of the spatial separation r between the spins [123, 124]. The fact
that the whole low-temperature phase of the two-dimensional XY model is gapless and
admits a conformal-field-theory description raises the question, what happens in the corre-
sponding phase of the three-dimensional gauge theory, i.e. the high-temperature phase? To
answer this question, in this work we carry out a systematic study of compact U(1) lattice
gauge theory at T > Tc, and compare a large set of novel numerical results, obtained by
Monte Carlo simulations, with analytical predictions derived from conformal field theory.
Specifically, we focus our attention on correlation functions of plaquette operators, Polyakov
loops, and on the profile of the flux tube induced by a pair of static probe charges.
Note that the approach we follow in the present work is different from the one of other
studies, which analyzed the “effective” dimensional reduction of the XY model from three
to two dimensions upon compactification of one of the system sizes [125–133].
The structure of the article is the following: in section 2, we introduce the U(1) gauge
theory in three dimensions, discussing its most important properties and its compact for-
mulation on an isotropic cubic lattice. In section 3, we present the conformal-field-theory
predictions for the low-temperature phase of the two-dimensional XY model, and discuss
their implications for the corresponding operators defined in the three-dimensional gauge
theory. Our results are presented and analyzed in detail in section 4, while the final section 5
includes a summary of our findings, and a discussion of their implications. The appendix A
presents a review of the renormalization-group analysis of the XY model. Throughout this
article, we work in natural units, setting the speed of light in vacuum, the reduced Planck’s
constant, and Boltzmann’s constant to unity.
2
2 U(1) gauge theory in three spacetime dimensions
The formulation of U(1) gauge theory (without matter fields) in three-dimensional contin-
uum Minkowski spacetime is based on the action
Scont = −1
4
∫
d2 x
∫
d tFµνF
µν , (2.1)
where the field strength is defined as Fµν = ∂µAν − ∂νAµ; note that in three spacetime
dimensions the gauge field A and the electric charge e have energy dimension 1/2, the
Coulomb potential is logarithmic, and the magnetic field is a scalar. The classical equations
of motion derived from eq. (2.1) are ∂µFµν = 0 and the definition of Fµν implies that the
Bianchi identity µνρ∂µF νρ = 0 is trivially satisfied. In turn, the latter property implies
that one can reformulate the theory in terms of the free, massless scalar field φ such that
∂µφ = µνρF
νρ.
At the quantum level, the most interesting physical properties of the theory become
manifest when one studies it in its compact formulation, i.e. assuming the gauge field
components Aµ to be periodic. If the theory is Wick-rotated to Euclidean spacetime and
regularized on an isotropic cubic lattice Λ of spacing a, one can introduce the link degrees
of freedom Uµ(x) and the Wilson action [15]
SW = − 1
ae2
∑
x∈Λ
∑
1≤µ<ν≤3
Re Uµν(x), (2.2)
where Uµν(x) = Uµ(x)Uν(x+aµˆ)U?µ(x+aνˆ)U?ν (x). For later convenience, we also introduce
β = 1/(ae2). The Uµ(x) variables are complex phases and can be thought of as parallel
transporters relating the reference frames in internal space defined on two nearest-neighbor
sites x and x+ aµˆ:
Uµ(x) = exp
[
ieaAµ
(
x+
a
2
µˆ
)]
. (2.3)
Eq. (2.3) makes it manifest that the theory defined by eq. (2.2) is invariant under Aµ →
Aµ + 2pik/(ea) for any integer k, i.e. that the gauge group is compact. The periodicity
of the gauge field plays a crucial rôle in determining the long-wavelength properties of the
theory: the gauge-field configurations admit topological defects, which can be thought of
as “magnetic monopoles” (actually “instantons” of the theory defined in three spacetime
dimensions). Their condensation in the ground state of the theory implies that the expec-
tation value of the gauge holonomies of large contours decreases exponentially with the area
they bound, i.e. confinement of electric charges [13] as a dual Meißner effect [134–136].
The calculations presented in ref. [17] show that, at large β, the mass gap mD and the
string tension σ characterizing the linearly confining potential of electric charges scale as
mDa ' k1
√
β exp(−k2β) (2.4)
and
σa2 ' k3√
β
exp(−k2β), (2.5)
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where the numerical constants k1 = 2pi
√
2, k2 ' 0.2527pi2, and k3 = 4
√
2/pi are evaluated
in a semiclassical approximation, which is reliable for β  1.
Eqs. (2.4) and (2.5) have interesting implications for the continuum limit of the lattice
theory. In the “naïve” continuum limit (a→ 0 at fixed e) the screening length diverges and
the string tension vanishes, so that the theory reduces to the continuum Maxwell theory of
non-interacting photons [137]. On the other hand, one can assume the continuum limit to
be taken on a “line of constant physics” at fixed σ: then, given that at large β
m2D
σ
∝
√
β3 exp(−k2β), (2.6)
mD tends to zero, namely the screening length diverges, and the continuum potential as-
sociated with a pair of probe charges is again purely Coulombic (i.e. logarithmic and
unscreened) at all distances r. Conversely, if the continuum limit is taken at fixed mD, then
from eq. (2.6) it follows that σ diverges: increasing the spatial separation r between two
probe charges by a finite amount ∆r would therefore require an infinite amount of energy,
which means that it is not physically possible to couple charged matter fields to the theory.
As a consequence, the theory never exhibits linear confinement in the continuum limit.
The lattice theories based on the Wilson action [15] defined in eq. (2.2) and on the
“periodic Gaußian” action [18] can be reformulated as a spin model [138–141]: the Feynman
path integral
Z =
∫ ∏
x,µ
dUµ(x) exp[−SW] (2.7)
(where dUµ(x) is the Haar measure for Uµ(x)) can be rewritten as the one for a lattice
theory with integer-valued degrees of freedom s, defined on the sites of the dual lattice
Z =
∑
{s}
∏
y,ν
I|s(y)−s(y+aνˆ)|(β), (2.8)
where Iα(z) is the modified Bessel function of the first kind of order α and the product is
taken over the bonds of the dual cubic lattice, with the appropriate boundary conditions.
Similar relations hold for generic expectation values of gauge-invariant quantities O
〈O〉 = 1Z
∫ ∏
x,µ
dUµ(x)O exp[−SW]. (2.9)
In particular, the two-point correlation function 〈P ?(r)P (0)〉 at separation r = Nra can be
rewritten as
〈P ?(r)P (0)〉 = ZNt×NrZ , (2.10)
having introduced
ZNt×Nr =
∑
{s}
∏
y,ν
I|s(y)−s(y+aνˆ)+nν(y)|(β), (2.11)
where nν(y) vanishes on all oriented bonds of the dual lattice, except on those that are dual
to the plaquettes tiling a surface bounded by the Polyakov loops, where it takes value 1 (see
also ref. [142], for an analogous calculation in four dimensions). As was shown in ref. [105]
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(and in refs. [143, 144] in the four-dimensional case), the right-hand side of eq. (2.10) can
be conveniently factorized in Monte Carlo calculations, where it can be combined with
powerful error-reduction techniques [145, 146]: in particular, the ratio of correlators at
distances r + a and r can be rewritten as
〈P?(r + a)P(0)〉
〈P?(r)P(0)〉 =
Nt−1∏
i=0
Z(Nt×Nr)+i+1
Z(Nt×Nr)+i
, (2.12)
where Z(Nt×Nr)+i denotes the partition function of the dual model, in which nν(y) = 1
only on the Nt×Nr links dual to the plaquettes between the worldlines of the sources at a
distance r, and on the first i additional links in the column of plaquettes between P?(r) and
P?(r + a). Thus, eq. (2.12) expresses the ratio of correlators as a product of expectation
values of ratios of modified Bessel functions of the first kind of orders differing by one, and
argument β,
H(r) =
〈P?(r + a)P(0)〉
〈P?(r)P(0)〉 =
Nt−1∏
i=0
〈
I|s(x)−s(x+aνˆ)+1|(β)
I|s(x)−s(x+aνˆ)|(β)
〉
(Nt×Nr)+i
, (2.13)
where the notation 〈. . . 〉(Nt×Nr)+i represents an expectation value in the presence of (Nt×
Nr) + i bonds with nν(y) = 1, and the link from x to x+aνˆ is dual to the plaquette that is
being added, while “deforming” the Wilson line at r into the one at r + a. Note that each
of the factors appearing on the right-hand side of eq. (2.13) is manifestly ultralocal, and
can be computed to very high numerical precision, even for very large r.
To study the profile of the flux tube induced by a pair of static electric sources, we
also consider the expectation value of the field strength in the background of two Polyakov
lines: the connected correlator of the field-strength component in the direction ν, parallel
to the temporal plane through the electric sources
W (x) =
〈P?(r)P(0)E(x)〉
〈P?(r)P(0)〉 − 〈E(x)〉 (2.14)
has a very simple expression in the dual formulation of the model:
W (x) =
〈s(x)− s(x+ aνˆ) + nν(x)〉Nt×Nr√
β
. (2.15)
Following an analogous study for the Ising model [147], in ref. [106] it was shown that
the profile of the flux tube in compact U(1) gauge theory at zero temperature has an
exponential profile: this is what one expects, if the vacuum of the theory is interpreted as
a dual superconductor [134–136]. In addition, we also consider the two-point correlation
function
Y (x) = 〈E(x)E(0)〉 (2.16)
which can be rewritten as
Y (x) = 〈[s(x)− s(x+ a)] · [s(0)− s(a)]〉 (2.17)
in the dual formulation.
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As mentioned in section 1, in this work we study the properties of the theory at finite
temperature T . As is known, a continuous transition takes place at a finite critical temper-
ature Tc and universality arguments [116] suggest that at this critical point, the infrared
physics of the system is insensitive to the details of the action of the theory, and becomes
equivalent to that of the two-dimensional XY model. This expectation is confirmed by
recent lattice calculations [103, 104]. We extend the numerical investigation of the high-
temperature phase of the theory to temperatures above Tc: due to the peculiar features
of the XY model, which are reviewed in the following section 3, universality arguments
analogous to those originally discussed in ref. [116] allow one to derive exact analytical
predictions for various physical quantities in the high-temperature phase of compact U(1)
gauge theory in three dimensions.
3 The two-dimensional XY model and its conformal-field-theory descrip-
tion
The two-dimensional XY model is a statistical model with many important applications
in condensed matter systems, such as Josephson-junction arrays [148–150], thin layers of
superfluid helium [151, 152], planar ferromagnetic materials [153], and the roughening tran-
sition [154]. It describes two-component real vectors ~s(x), of unit length, defined on the
sites x of a square lattice of linear extent L and spacing a, and interacting through the
Hamiltonian
H = −J
∑
〈x,y〉
~s(x) · ~s(y) = −J
∑
〈x,y〉
cos[θ(x)− θ(y)], (3.1)
where 〈x, y〉 denotes nearest-neighbor pairs of sites, θ(x) is the angle of ~s(x) with respect to
an arbitrarily chosen, fixed direction in the two-dimensional real vector space in which the
vectors are defined, and the interaction is ferromagnetic when the coupling J is positive.
Note that θ(x) is defined modulo 2pi. The model is invariant under a global internal O(2)
symmetry, corresponding to rotations of all spins by an arbitrary constant angle.
Let us consider the bidimensional XY model at a temperature T , and define the di-
mensionless parameter K = J/T . As is well known, in two dimensions thermal fluctuations
always disorder a system with a continuous symmetry [122, 155, 156]; as a consequence,
the spontaneous magnetization vanishes at all non-zero temperatures:
〈~s〉 = 0 for all T > 0. (3.2)
More detailed information on the behavior of the model in the high-temperature limit can
be obtained by a Fourier transform over the internal O(2) group: the calculation shows that
at small K the two-point spin correlation function decays exponentially with the spin-spin
spatial separation r:
G(r) = 〈~s(x) · ~s(y)〉 ∼ exp
(
−r
ξ
)
, with r = |x− y|; (3.3)
the correlation length ξ is temperature-dependent.
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On the other hand, in the low-temperature (T → 0) limit the ferromagnetic nature of
the interaction favors spin alignment, thus θ is expected to be a slowly varying function of
space, and the cosine appearing in eq. (3.1) can be approximated by the first two terms in
its Taylor expansion:
H ' J
2
∑
〈x,y〉
[θ(x)− θ(y)]2 + const. (3.4)
In this limit, the lowest-energy excitations of the system are spin waves: they induce an
algebraic decay of G(r) with the spin-spin separation [123, 124],
G(r) ∼
( r
L
)−η
, (3.5)
where the exponent η varies continuously as a function of the temperature, approaching
zero linearly in the temperature as η = 1/(2piK) for T → 0 [118].
The qualitatively different behavior of G(r) at high and at low temperatures indicates
that, while this model does not display genuine long-range order at any finite temperature T ,
it nevertheless admits two different phases: at high temperatures the system is disordered,
while at low temperatures it is characterized by a non-conventional “quasi-long-range” order,
of topological origin. To understand this, we observe that the equation of motion derived
from eq. (3.1) admits topologically non-trivial “vortex” solutions, in which the θ field “winds
around” a given point (the vortex center) an integer number n of times. Vortices satisfy∮ ∇θ · d l = 2pin for all positively oriented loop encircling the vortex center. The vortex
energy goes like pin2J ln(L/a), i.e. is proportional to the square of the vortex charge and
diverges in the thermodynamic limit L → ∞. By contrast, the energy of a single-charge
vortex-antivortex pair separated by a finite distance r remains finite.
Vortices play a key rôle in determining the properties of the two phases: as the cre-
ation of the core of a vortex requires a finite energy cost Ec, thermally excited vortices
at equilibrium contribute terms proportional to exp(−Ec/T ) to the partition function.
Moreover, the energy cost of isolated vortices (which is logarithmically divergent with
the system size) forces them to remain bound in vortex-antivortex pairs at low temper-
atures. However, a simple estimate of the single-vortex free energy, neglecting interactions,
F ' (piJ − 2T ) ln(L/a), reveals that, as the temperature is increased, the energy cost of
an isolated vortex is eventually (over)compensated by entropy, and free vortices start to
proliferate at a finite temperature TKT, where an infinite-order transition takes place: the
Kosterlitz-Thouless phase transition [117].
For all temperatures T > TKT the system behaves as a gas of unbound vortices, in-
teracting with each other through a logarithmic Coulomb potential. The value of the
Kosterlitz-Thouless temperature TKT has been computed numerically to high precision:
TKT/J = 0.89294(8) [157–159]. In fact, in the low-temperature phase, all effects neglected
in the heuristic estimate of the vortex free energy discussed above induce only a quantitative
correction with respect to the result from the spin-wave approximation.
A more quantitative description of the dynamics of the model can be obtained through
the renormalization group, as discussed in detail in the appendix A. The main result of this
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analysis is that, for τ = T/TKT − 1→ 0+, the correlation length diverges as
ξ
a
∼ exp
(
b√
τ
)
, (3.6)
with b a non-universal, positive constant, implying that the Kosterlitz-Thouless transition is
of infinite order. In addition, one also finds that the large-distance behavior of the two-point
correlation function at T = TKT is of the form
G(r) ∼ (ln r)
2Θ
rη
, (3.7)
with Θ = 1/16 and η = 1/4 [160].
On the other hand, eq. (3.5) shows that for T < TKT the two-point correlation function
always decays like an inverse power of r, with a temperature-dependent exponent [118].
Thus, the whole low-temperature phase of the model is characterized by scale-invariant
behavior (of Gaußian type), and T = TKT is actually a multicritical point: this can be
shown by generalizing the model with two additional parameters, that control the energy
cost of introducing a vortex in the model and the coupling to an explicit symmetry-breaking
interaction [120, 161, 162].
The scale invariance of the XY model for all temperatures T < TKT is closely related
to the fact that the cold phase of this model admits a conformal-field-theory description in
terms of a free, massless compact bosonic field, with central charge c = 1, which can be
identified with the phase θ. The periodicity of this field implies that the theory has both
“electric” and “magnetic” (i.e. “vortex”) operators, obeying a Dirac quantization condition.
It is known that, in a c = 1 theory, the existence of marginal operators with conformal
weights h = h¯ = 1 leads, under appropriate conditions [163], to the existence of a continuous
line of conformal theories. For the low-temperature phase of the bidimensional XY model,
the marginal operator can be associated with the periodicity of the field. In refs. [161, 162]
it was shown that the operators
sn,m =
Sn,m + S−n,−m√
2
(3.8)
(where Sn,m is an operator creating an excitation with spin-wave index n and vorticity
number m, for integer n and m) have critical indices
xn,m =
1
2
(
n2
2piK
+ 2piKm2
)
, ln,m = −nm (3.9)
for the scaling dimension and spin, respectively. Note that there exists an S-duality, in-
terchanging electric and magnetic excitations, which corresponds to exchanging
√
2piK →
1/
√
2piK. The Kosterlitz-Thouless point, at T = TKT, corresponds to K = 2/pi, so in the
low-temperature phase the scaling dimension of the electric operator s1,0 increases con-
tinuously with T as x1,0 = 1/(4piK), tending to the critical value 1/8—see eq. (3.7)—for
T → T−KT.
At the Kosterlitz-Thouless temperature, the electric operator s1,0 of the XY model in
two dimensions can be directly associated with the loop operator P of the three-dimensional
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U(1) gauge theory; similarly, the s2,0 (“energy density”) operator has its counterpart in the
action density of the gauge theory [116]. Finally, the connected correlation function of
the field-strength component parallel to the plane through the electric sources defined in
eq. (2.14) is mapped to
Q(r, x) =
〈~s(r)~s(0)φ(x)〉
〈~s(r)~s(0)〉 − 〈φ〉, (3.10)
where φ denotes the “flux” operator in the XY model: its one-point correlation function
vanishes because of scale invariance, hence the last term on the right-hand side of eq. (3.10)
can be dropped. By looking at its symmetries, it is easy to realize that φ does not corre-
spond to one of the On,m; dimensional analysis and Gauß’ theorem suggest that its scaling
dimension is ∆φ = 1, but this value can be affected by corrections due to interactions.
Conformal invariance leads to the prediction
Q(r, x) =
cssφ
(r/4)∆φ
(
1 +
4x2
r2
)−∆φ
= C(r)
(
1 +
4x2
r2
)−∆φ
, (3.11)
where cssφ is the coefficient of the φ term appearing in the operator product expansion of
~s with itself: ~s(x+ δx) · ~s(x) ∼ cssφφ(x) + . . . for δx→ 0 [164].2 For later convenience, we
also define C(r) = cssφ · (r/4)−∆φ .
As the mapping between operators in the three-dimensional U(1) gauge theory and
those in the two-dimensional XY model is based only on the existence of an infinite cor-
relation length (not on the presence of a phase transition), we tested whether it can be
extended to the whole high-temperature phase of the U(1) gauge theory, which is expected
to correspond to the low-temperature phase of the XY model. More precisely, we compared
the results of a set of high-precision lattice calculations for the U(1) theory with the ana-
lytical conformal-field-theory predictions for the XY model. Our results are presented in
the following section 4.
4 Numerical results
Using the dual formulation of the theory, we carried out Monte Carlo calculations of compact
U(1) gauge theory on isotropic lattices of spacing a and volume (N2s×Nt)a3. In order to limit
the impact of finite-volume effects, all simulations were carried out in the Ns  Nt regime
(with Ns/Nt typically larger than 30). Specifically, for Nt = 4 the value of β = 1/(ae2)
corresponding to the critical temperature is β = 3.005 [104], and β = 4 is significantly higher
than the critical temperature. The setup of our simulations is summarized in table 1, where
r denotes the distance between the Wilson lines P, that wind around the Euclidean-time
direction, are oppositely oriented, and separated along one of the main spatial axes of the
lattice. x, on the other hand, denotes the distance from the plane of the Wilson lines, at
which we probe the flux-tube profile, by calculating the expectation value of the electric-field
component defined in eq. (2.14).
2Alternatively, one can also define the quantity denoted as ccontssφ , which plays the same rôle as cssφ but
for the continuum counterpart of φ, assuming the amplitude of its two-point correlation function to be fixed
to 1.
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ensemble Ns Nt β = 1/(ae2) statistics r/a x/a
A 192 4 3.010 6.4× 105 [0, 31] –
192 4 3.025 6.4× 105 [0, 31] –
192 4 3.050 6.4× 105 [0, 31] –
192 4 3.080 6.4× 105 [0, 31] –
192 4 3.125 6.4× 105 [0, 31] –
192 4 3.250 6.4× 105 [0, 31] –
192 4 3.500 6.4× 105 [0, 31] –
192 4 3.750 6.4× 105 [0, 31] –
192 4 4.000 6.4× 105 [0, 31] –
192 4 4.100 6.4× 105 [0, 31] –
B 128 4 4.0 6.4× 105 [10, 80] [2, 20]
192 4 4.0 6.4× 105 [10, 80] [2, 30]
256 4 4.0 8.0× 106 [10, 80] [2, 40]
320 4 4.0 3.2× 106 60, 80 [2, 40]
Table 1. Setup of our simulations.
The main goal of our analysis consists in testing whether the conjecture that the long-
wavelength properties of the U(1) gauge theory at temperatures T ≥ Tc can be described
by the low-temperature phase of the XY model in two dimensions holds or not.
To this purpose, we first studied the behavior of the 〈P?(r)P(0)〉 correlator, whose
long-distance behavior is expected to be described by eq. (3.5). We computed ratios of
Wilson-line correlators using eq. (2.13) and compared them to the prediction
H(r) =
〈P?(r + a)P(0)〉
〈P?(r)P(0)〉 =
(
1 +
a
r
)−η
(4.1)
by means of one-parameter fits, with η as the fitted parameter. Three examples of these
fits are shown in fig. 1, while the complete results are reported in table 2 and displayed
in fig. 2. Remarkably, even though in our fits we discarded the data at small values of r
(which are expected to be affected by lattice-discretization effects3), the curves obtained
from these fits follow closely our numerical results down to values of r/a = O(1).
The analysis shows that, in all cases, the ratios of Wilson-line correlators can be
perfectly fitted to the expected functional form, indicating very clearly that in the high-
temperature phase of U(1) gauge theory 〈P?(r)P(0)〉 decays as a power of r. All values of
the reduced χ2 (listed in the fifth column) for these one-parameter fits are close to 1, and
the statistical uncertainty on the fitted parameter η is of the order of five per mille.
The analysis also shows that, when β is close to the critical value, η tends to 1/4, as
predicted by conformal field theory.
Another interesting observation from our analysis concerns the relation between the
parameters of the U(1) gauge theory and those of the XY model describing the same long-
3At the quantitative level, we observe that the fit results, in particular those obtained from data sets at
the β values closest to βc, exhibit some dependence on the smallest value of r that is included in the fit:
the induced systematic uncertainty on η is at most of the order of a few per mille.
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Figure 1. Example of results obtained for correlator ratios, from simulations at three different
values of β = 1/(ae2). The data from numerical lattice calculations of U(1) gauge theory in three
dimensions are compared with one-parameter fits to the functional form in eq. (4.1), derived from
the conformal-field-theory description of the XY model in two dimensions.
wavelength physics. On very general grounds, it is known that the T → T+c limit of a
gauge theory with a continuous thermal transition corresponds to the T → T−c limit of
the spin model [116]. For the U(1) gauge theory in three dimensions, in which the whole
high-temperature phase is mapped to the low-temperature phase of the XY model, one
then expects the long-distance physics at higher and higher temperatures (i.e. further and
further away from Tc) to be captured by the XY model at lower and lower temperatures
(that is, further and further away from TKT). Considering the dimensionless ratios T/Tc in
the three-dimensional U(1) gauge theory and T/TKT in the bidimensional XY model, it is
thus tempting to think that the theories describe the same infrared physics when these two
ratios are (approximately) the inverse of each other.
To test this hypothesis at a quantitative level, we make two further observations.
Firstly, the temperature of the U(1) lattice gauge theory is given by T = 1/(aNt). Since the
squared coupling in a three-dimensional gauge theory has dimension one, the inverse lattice
spacing 1/a (and, as a consequence, T ) is approximately proportional to β = 1/(ae2); this
relation is not expected to be exact, due to quantum corrections. Secondly, the properties
of the bidimensional XY model at finite temperature can be conveniently described by in-
troducing the spin-wave stiffness ρrs (see the appendix A): then, the physics of the model is
determined by the dimensionless parameter K = ρrs/T , which reduces to J/T for T → 0,
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Ns Nt β η χ
2
red d.o.f.
192 4 3.010 0.2469(12) 1.19 30
192 4 3.025 0.2462(11) 1.02 30
192 4 3.050 0.2455(12) 1.18 30
192 4 3.080 0.2427(13) 1.36 30
192 4 3.125 0.2377(13) 1.59 30
192 4 3.250 0.2299(10) 0.86 30
192 4 3.500 0.2081(12) 1.44 30
192 4 3.750 0.1937(11) 1.39 30
192 4 4.000 0.1798(11) 1.45 30
192 4 4.100 0.1750(9) 0.98 30
Table 2. Fits of H(r) to eq. (4.1), from simulations on a lattice of volume (N2s × Nt)a3, with
Ns = 192 and Nt = 4, at different values of β = 1/(ae2).
and accounts for effects related to the density of vortices at finite temperature. In particu-
lar, in the low-temperature phase, the G(r) correlator decays as described by eq. (3.5), with
η = 1/(2piK). This means that (neglecting the fact that ρrs is not a constant, but rather
a temperature-dependent quantity) η is expected to be approximately proportional to the
temperature of the XY model. Combining these pieces of information (with the approxima-
tions mentioned), one can thus expect the exponent η extracted from the numerical results
for 〈P(r)P(0)〉 correlators in the U(1) lattice gauge theory at 1 < T/Tc ' β/βc to be equal
to the exponent η of the XY model at T/TKT = βc/β, i.e. to have a linear dependence
between η and βc/β. Fitting our results to
η = a1
βc
β
+ a0, (4.2)
we obtain a1 = 0.2767(35) and a0 = −0.0279(31), with 8 degrees of freedom and χ2red = 1.04,
indicating excellent agreement with this crude model. The result of this analysis is shown
in the inset plot in figure 2.
Next, we analyzed the flux-tube profile, probed by the operator defined in eq. (2.14),
and compared our numerical results with the conformal-field-theory prediction given by
eq. (3.11). Fig. 3 shows an example of this analysis, focusing on our simulations at β = 4,
Nt = 4 (corresponding to a temperature significantly higher than Tc): the numerical results
for W (x, r), at fixed r = 32a, are plotted as a function of the distance (in lattice-spacing
units) from the plane through the Wilson lines. The figure shows that the results for
three different values of the spatial linear extent of the lattice (L = 128a, L = 192a, and
L = 256a) are essentially compatible with each other: this indicates that this quantity is not
strongly affected by finite-size effects.4 The data for L = 256a in the range 2 ≤ x/a ≤ 40
are fitted to eq. (3.11), using C(r) and ∆φ as fit parameters, and the result of this fit
4Note that, in contrast to the G(r) correlator, finite-size corrections and the effects of periodic images
of the lattice would be difficult to account for properly, since they have a different impact on the source
worldlines and on the flux operator. To this purpose, we chose to restrict our analysis to values L/x ≥ 5.
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Figure 2. Results obtained for η, in simulations at different values of β and for Ns = 192
and Nt = 4, from fits of Wilson-line-correlator ratios to eq. (4.1). The orange diamond indicates
the conformal-field-theory prediction η = 1/4 at the critical temperature, which corresponds to
β = 3.005 [104]. In the inset, the same data are shown as a function of βc/β and fitted to eq. (4.2),
with the rationale discussed in the text.
is the blue curve: the fitted parameters are C(r) = 0.0097(1) and ∆φ = 0.886(22), with
χ2red = 1.76. It is remarkable that the agreement of the fitted curve extends well beyond
the interval of fitted data (solid line), both down to shorter and up to larger values of x/a
(dashed portions of the curve).
Table 3 shows a more complete summary of these two-parameter fits. As one can see,
when r is increased, C(r) and the precision on ∆φ decrease. Nevertheless, the precision of
the results is sufficient to observe that essentially all results for ∆φ, reported in the fifth
column, are compatible with each other: a fit to a constant yields ∆φ = 0.933(7), with
χ2red = 1.87, the only outliers being the results obtained for r = 32a and r = 80a.
A different, and independent, way to extract ∆φ is based on the analysis of the Y (x)
correlator, evaluated according to eq. (2.17): see figure 4 for an example of numerical results,
for β = 4.0, Ns = 192, and Nt = 4. As the lattice realization of the field strength generally
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Figure 3. Flux-tube profile, as probed by the quantity defined in eq. (2.14), from calculations at
β = 4, with Nt = 4 and r = 32a, for Ns = 128 (magenta triangles), Ns = 192 (turquoise squares),
and Ns = 256 (blue circles). The blue curve is the fit of the Ns = 256 data to eq. (3.11) in the
2 ≤ x/a ≤ 40 range.
Ns Nt r/a C(r) ∆φ χ
2
red
256 4 10 0.0297(2) 0.925(11) 0.86
256 4 16 0.0196(2) 0.959(14) 1.57
256 4 20 0.0154(2) 0.944(17) 0.77
256 4 32 0.0097(1) 0.886(22) 1.76
256 4 40 0.0078(1) 0.935(31) 0.81
256 4 50 0.0063(1) 0.926(39) 0.58
320 4 60 0.0056(2) 1.03(9) 1.79
320 4 80 0.0042(1) 0.79(8) 0.51
Table 3. Results of the fits of eq. (3.11), with C and ∆φ as fit parameters.
involves mixing of different operators, we fit our results for Y (x) to the functional form
Y (x) = b0 ·
[(a
x
)2∆φ
+
(
a
L− x
)2∆φ]
+ b1 ·
[(a
x
)4
+
(
a
L− x
)4]
, (4.3)
which also includes the leading corrections due to the finite spatial extent of the system
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and the contribution of the operator with conformal weight 2 (associated with the action
density). It is important to stress that the conformal weight of this marginal operator
is exact [165]. The three-parameter fit of these data in the 10 ≤ x/a ≤ 96 range yields
b0 = 0.1046(33), b1 = 1.40(16), and ∆φ = 0.946(5), with χ2red = 1.15. It is interesting
to note that b1/b0 = O(10): the large value of the b1 coefficient implies that, while the
behavior of the correlation function at large distances is dominated by the flux operator,
with conformal weight ∆φ ' 1, the mixing with the operator of conformal weight 2 induces
a non-negligible correction at short and intermediate distances.
We remark that the result for ∆φ from this analysis is essentially consistent with the
one obtained from the study of W (x, r), which is based on a different type of operator,
evaluated on a different set of configurations.
0 10 20 30 40 50 60 70 80 90 100
x / a
1e-05
0.0001
0.001
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0.1
1
Y(
x)
Figure 4. Field-strength two-point correlation function, computed according to eq. (2.17), for
β = 4, Ns = 192, and Nt = 4. The solid curve is obtained from the fit to eq. (4.3), as discussed in
the text.
We also observe that, if the results for W (x, r) (for β = 4 and Nt = 4) are fitted
to eq. (3.11) at fixed ∆φ = 0.946(5), with C(r) as the only fit parameter, one obtains
the results listed in table 4, in which the statistical uncertainty from the fit is reported
in the first parentheses, while the error induced by the uncertainty on ∆φ is given in the
second parentheses. The fitting range is 2 ≤ x/a ≤ 24 for all values of r/a. Once again,
the fits yield good χ2 values, even including data at small x. Note that in this case the
possible contamination with the operator of scaling dimension 2 is expected to be completely
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Ns r/a C(r) χ
2
red
256 10 0.03002(20)(29) 0.99
256 16 0.01944(16)(17) 1.54
256 20 0.01541(12)(12) 0.73
256 32 0.00990(10)(5) 2.01
256 40 0.00785(8)(3) 0.78
256 50 0.00634(8)(2) 0.56
320 60 0.00552(11)(2) 1.74
320 80 0.00437(8)(1) 0.64
Table 4. One-parameter fits of W (x, r) (for β = 4 and Nt = 4) to eq. (3.11), with ∆φ = 0.946(5)
fixed.
negligible, being suppressed as 1/r2; this is indeed confirmed: we verified that if such term
is included in the fit, its contribution is always compatible with zero, within the precision
of our data.
Yet another test of the conformal-field-theory prediction for the shape of the flux tube
concerns the dependence of C on r: fitting the values of C(r) in table 4 to the expected
form
C(r) = cssφ ·
(
4a
r
)∆φ
, (4.4)
one obtains cssφ = 0.07115(7) and ∆φ = 0.948(6) with χ2red = 1.98, when all data for 10 ≤
r/a ≤ 80 are included in the fit. Finally, the value of cssφ with the alternative (“continuum”)
normalization of the field operator mentioned in section 3 reads ccontssφ = 0.2200(34).
5 Discussion and concluding remarks
In this work, we presented a high-precision study of U(1) gauge theory in three spacetime
dimensions, in its compact formulation on a cubic lattice—a theory that, as we discussed
in section 1, has important implications for high-energy elementary-particle physics and for
condensed-matter physics alike.
As is known, a semiclassical analysis shows that at zero and at low temperatures,
the monopoles (or instantons) of the theory are responsible for the dynamical generation
of a finite mass gap and induce a logarithmically confining potential for pairs of probe
charges [13, 17]. These properties persist up to a finite critical temperature Tc, at which
the theory undergoes a transition to a different phase, characterized by restoration of scale
invariance (at least for modes of wavelength much longer than the lattice spacing) and by
logarithmic confinement.
We focused on the dynamics of the theory in this high-temperature regime, and com-
pared a new set of numerical results from Monte Carlo calculations on high-performance
computing machines with analytical predictions from conformal field theory: specifically,
we exploited ideas related to universality and to the construction of a low-energy effective
field theory for systems characterized by at least one diverging correlation length [116] to
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map the whole high-temperature phase of this theory to the the low-temperature phase of
the XY model in two dimensions. While the latter is not an exactly solvable model, its
properties have been studied for many years and are well understood: in particular, a suit-
able generalization of the model reveals that the Kosterlitz-Thouless critical point lies at the
intersection of different critical lines, with continuously varying critical indices [162]. One
of these is the line of Gaußian critical indices described by eq. (3.9): their simplicity and the
fact that they depend on just one real parameter (e.g. the temperature of the system) allow
one to formulate stringent predictions for correlation functions in the XY model. As we
showed here, such predictions entail remarkable implications for the correlation functions
of the U(1) theory in its high-temperature phase. While previous work mainly focused on
the properties of the theory at or very close to the critical temperature [104], here, for the
first time, we extended this theoretical machinery to temperatures well above Tc.
The physical quantities that we considered in detail are the two-point correlation func-
tions of probe-source worldlines, and the flux they induce. Using the traditional dual
formulation of this gauge theory, a toolbox of powerful algorithmic techniques, and high-
performance-computing machines, we were able to track the behavior of these correlators
over very long distances, and to obtain very high, and nearly constant, levels of numeri-
cal precision for quantities varying over several orders of magnitude. One such example is
provided by our analysis of the field-strength two-point correlation function shown in fig. 4.
The results that we obtained fully confirm the analytical predictions from conformal
field theory, and the validity of the mapping from operators in the high-temperature phase
of the gauge theory to operators in the low-temperature phase of the XY model. For T > Tc,
the Polyakov-loop correlator in the U(1) gauge theory decays as an inverse power of the
distance, with a characteristic exponent η that varies continuously with the temperature.
Further analysis, based on a semi-heuristic argument, also suggests that, at least in the
temperature range considered here, the corresponding temperatures in the gauge theory
and in the bidimensional XY model are approximately inversely proportional to each other.
Similarly, a thorough study of the flux tube induced by a pair of static probe charges
confirms that its dependence on the spatial charge-charge separation r and on the distance
x from the charge-charge axis is accurately described by the functional form predicted by
conformal field theory. The critical index ∆φ associated with the “flux” operator, which
cannot be directly identified with any of the operators defined in eq. (3.8), is found to differ
from its “classical” value 1 by a small but finite negative correction O(10−1), i.e. to be
renormalized as a result of quantum interactions. This result is confirmed by the analysis
of the two-point flux correlation function, in which we detected the leading correction due
to the operator of conformal weight 2 (which can be associated with the cosine of the
phase of the plaquette, appearing in Wilson’s action): the two different lattice operators
mix with each other, and the large coefficient of the operator of conformal weight 2 makes
its contribution non-negligible at short and intermediate distances. As a by-product of
our analysis, we also extracted the value of the cssφ coefficient, that appears in one of the
operator-product expansions relevant for the model.
Our results provide a non-trivial test of the conjecture first put forward in ref. [116],
that here, for the first time, is successfully checked in a whole phase of a gauge theory.
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We envisage many different directions, in which the approach developed in this paper
could also be applied.
High-precision numerical calculations, like the ones presented here, could also be carried
out to study the behavior of this model in the presence of a constant and uniform background
electric field, which is expected to have interesting implications for the electric Meißner effect
and for the dielectric permittivity of superinsulators [166]. Enforcing a smooth background
field strength on a periodic lattice in a gauge-invariant way implies a quantization condition
on the values of the field that can be studied, but the techniques to perform this type of
calculations are well understood and in recent years have been extensively applied to study
the effect of external QED fields on strongly interacting matter at high temperature [167,
168].
Another interesting generalization is the inclusion of fermionic matter fields. As we
already mentioned above, when the theory is coupled to a sufficiently large number nf
of dynamical charged fermion species, its long-distance properties can be described by a
strongly coupled conformal field theory: this was shown to be the case in the large-nf
limit [26], and is expected to persist also at finite values of nf. It would be very interesting
to perform Monte Carlo calculations of three-dimensional U(1) gauge theory coupled to
dynamical fermions and to perform a systematic comparison of the numerical results with
analytical predictions from conformal field theory.
It is worth remarking that inclusion of fermions in this theory comes with some sub-
tleties. In particular, in a three-dimensional (or, more generally, odd-dimensional) space-
time, the parity transformation P, defined as inversion of all spatial coordinates, is in the
group of spatial rotations, hence one defines a different discrete symmetry R, which inverts
only one spatial coordinate. Classically, U(1) gauge theory defined in three spacetime di-
mensions coupled to one species of massless Dirac fermions of charge 1 (in units of e) is
invariant under R, but this symmetry is anomalous, i.e. the theory cannot be quantized in
a gauge-invariant, R-preserving way [169–171]. This anomaly, however, is absent when nf
is even—or a multiple of 4, on non-orientable manifolds [172].
Adding interacting fermions to this model is also interesting for another reason, namely
the rich network of dualities that arise in quantum field theory in 2 + 1 dimensions [173–
184]. Such dualities can be considered as a generalization of the conventional particle/vortex
duality [185, 186], and are reviewed in ref. [187]; an analogous web of dualities arises in
two dimensions [188]. In particular, it is known that a free electronic Dirac cone is dual
to quantum electrodynamics in three dimensions with a single species of fermions and
with a “mixed” Chern-Simons term that couples a background Abelian gauge field and a
dynamical one [189, 190]. This duality has important applications in condensed-matter
theory, in particular for metallic surfaces of topological insulators and for Fermi liquids
induced by strong magnetic fields at half filling of the lowest Landau level [191, 192].
Another interesting topic to be studied is the behavior of equilibrium thermodynamic
quantities in three-dimensional compact U(1) lattice gauge theory. On the one hand, its
T < Tc phase shares many qualitative features with non-Abelian gauge theories in 3+1 [193–
202] or in 2 + 1 dimensions [203–206]. On the other hand, the properties of the theory at
T > Tc are very different from those of its non-Abelian counterpart (most remarkably, the
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high-temperature phase is confining).
Finally, it would also be interesting to repeat the present study at larger values of Nt,
and to study quantitatively the dependence of the results on this parameter. Addressing
this issue, however, is clearly beyond the scope of this article, and we leave it for future
work.
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A Renormalization-group analysis of the XY model in two dimensions
In this appendix, we discuss the analysis of the XY model in two dimensions by the renor-
malization group and present a derivation of eq. (3.6).
For a renormalization-group analysis of the XY model in two dimensions, it is conve-
nient to consider the variation in free-energy density f = F/L2 that is induced by imposing
a gradient v to the phase field θ(x):
θ(x)→ θ(x) + v · x, (A.1)
and to introduce a quantity ρrs, called the spin-wave stiffness, defined as the second derivative
of f with respect to v. From eq. (3.1) it follows that at T = 0 the spin-wave stiffness equals
J . At finite temperatures below TKT, ρrs can be expressed in terms of the zero-momentum
limit of the Fourier transform n˜(q) of the vortex density:
ρrs = J −
(2piJ)2
T
lim
q→0
〈n˜(q)n˜(−q)〉
q2
. (A.2)
Introducing the dimensionless ratio K0 = J/T and its counterpart K = ρrs/T , which ac-
counts for thermal effects, eq. (A.2) can be expanded in powers of the vortex fugacity
y = exp(−Ec/T ), which is small at low temperatures. The result is
1
K
=
1
K0
+ 4pi3y2
∫ L
a
d r
a
(r
a
)3−2piK
, (A.3)
so that inclusion of vortices has an effect similar to an increase in temperature. Eq. (A.3) is
the basis for a renormalization-group analysis [119–121] showing that, upon an infinitesimal
variation of the lattice spacing a→ a exp(`) ' a(1 + `), the parameters K and y vary as
1
K
→ 1
Kr
=
1
K
+ 4pi3y2
∫ ae`
a
d r
a
(r
a
)3−2piK
, y → yr = y exp[(2− piK)`]. (A.4)
Finally, these equations can be rewritten in differential form as
`
dK−1r
d`
= 4pi3y2r +O(y
4
r ), `
dyr
d`
= (2− piKr)yr +O(y3r ), (A.5)
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or, setting X = 2− piKr and Y = 4piyr (and neglecting subleading terms),
`
dX
d`
= Y2, `dY
2
d`
= 2XY2, (A.6)
whose solutions near X = Y = 0 are hyperbolæ X 2 − Y2 = const. When the hyperbola
vertices lie on the X axis and the initial value of X is negative (that is, T < TKT), the renor-
malization flow drives the system to Y = 0 and Kr to a finite value K∞r : this corresponds
to a line of low-temperature critical points, where correlations decrease as r−T/(2piK∞r ). On
the other hand, in the high-temperature phase one has X 2 −Y2 = −s2 < 0; it is then con-
venient to parametrize X and Y in terms of a variable ψ, ranging from an initial value ψin
to pi/2, and such that X = s tanψ, Y = s secψ, and ` = exp[(ψ−ψin)/s]. When the initial
value of X (and thus ψin) is negative, the domain where eqs. (A.6) are valid corresponds to
Y ' s, i.e. to
λ ' exp(−ψin/s). (A.7)
This value can be interpreted as the largest length scale (in units of a) at which the system
remains nearly critical, i.e. with the correlation length in units of the lattice spacing.
Then, the initial values of X and Y must be close to the critical line Y = −X (hence
sinψin = X/Y ' −1, i.e. ψin is close to −pi/2). Then, denoting the critical value of X
corresponding to that initial value of Y as Xc (i.e. Xc = −Y), we have s2 = Y2 − X 2 =
X 2c −X 2 = 2Xc(X − Xc), i.e. Y ∝ (X − Xc) or, equivalently, s2 ∝ (Kc −K). Plugging this
result into eq. (A.7), one eventually finds that, for τ = T/TKT − 1 → 0+, the correlation
length diverges as described by eq. (3.6), where the constant b is positive.
References
[1] H. R. Fiebig and R. M. Woloshyn, Monopoles and chiral symmetry breaking in lattice QED
in three-dimensions, Phys. Rev. D42 (1990) 3520.
[2] Y. Hosotani, Compact QED in Three-Dimensions and the Josephson Effect, Phys. Lett.
69B (1977) 499.
[3] G. Baskaran and P. W. Anderson, Gauge theory of high temperature superconductors and
strongly correlated Fermi systems, Phys. Rev. B37 (1988) 580.
[4] E. H. Fradkin, Field Theories of Condensed Matter Physics, Front. Phys. 82 (2013) 1.
[5] J. Fröhlich and U. M. Studer, Gauge invariance and current algebra in nonrelativistic many
body theory, Rev. Mod. Phys. 65 (1993) 733.
[6] M. C. Diamantini, P. Sodano and C. A. Trugenberger, Gauge theories of Josephson
junction arrays, Nucl. Phys. B474 (1996) 641 [hep-th/9511168].
[7] M. Franz, Z. Tešanović and O. Vafek, QED(3) theory of pairing pseudogap in cuprates. 1.
From D wave superconductor to antiferromagnet via ’algebraic’ Fermi liquid, Phys. Rev.
B66 (2002) 054535 [cond-mat/0203333].
[8] I. F. Herbut, QED(3) theory of underdoped high temperature superconductors, Phys. Rev.
B66 (2002) 094504 [cond-mat/0202491].
[9] T. Senthil, Deconfined Quantum Critical Points, Science 303 (2004) 1490.
20
[10] P. A. Lee, N. Nagaosa and X.-G. Wen, Doping a Mott insulator: Physics of
high-temperature superconductivity, Rev. Mod. Phys. 78 (2006) 17.
[11] V. P. Gusynin, S. G. Sharapov and J. P. Carbotte, AC conductivity of graphene: from
tight-binding model to 2+1-dimensional quantum electrodynamics, Int. J. Mod. Phys. B21
(2007) 4611 [0706.3016].
[12] A. M. Polyakov, Compact Gauge Fields and the Infrared Catastrophe, Phys. Lett. B59
(1975) 82.
[13] A. M. Polyakov, Quark Confinement and Topology of Gauge Groups, Nucl. Phys. B120
(1977) 429.
[14] J. M. Kosterlitz, The d-dimensional Coulomb gas and the roughening transition, J. Phys. C:
Solid State Physics 10 (1977) 3753.
[15] K. G. Wilson, Confinement of Quarks, Phys. Rev. D10 (1974) 2445.
[16] H. Georgi and S. L. Glashow, Unified weak and electromagnetic interactions without neutral
currents, Phys. Rev. Lett. 28 (1972) 1494.
[17] M. Göpfert and G. Mack, Proof of Confinement of Static Quarks in Three-Dimensional
U(1) Lattice Gauge Theory for All Values of the Coupling Constant, Commun. Math. Phys.
82 (1981) 545.
[18] J. Villain, Theory of one-dimensional and two-dimensional magnets with an easy
magnetization plane. 2. The Planar, classical, two-dimensional magnet, J. Phys. (France)
36 (1975) 581.
[19] S. Deser, R. Jackiw and S. Templeton, Topologically Massive Gauge Theories, Annals Phys.
140 (1982) 372.
[20] R. Jackiw and S. Templeton, How Superrenormalizable Interactions Cure their Infrared
Divergences, Phys. Rev. D23 (1981) 2291.
[21] R. D. Pisarski, Chiral Symmetry Breaking in Three-Dimensional Electrodynamics, Phys.
Rev. D29 (1984) 2423.
[22] T. Appelquist, M. J. Bowick, E. Cohler and L. C. R. Wijewardhana, Chiral Symmetry
Breaking in (2+1)-dimensions, Phys. Rev. Lett. 55 (1985) 1715.
[23] D. Nash, Higher Order Corrections in (2+1)-Dimensional QED, Phys. Rev. Lett. 62 (1989)
3024.
[24] G.-Z. Liu and G. Cheng, Effect of gauge boson mass on chiral symmetry breaking in
QED(3), Phys. Rev. D67 (2003) 065010 [hep-th/0211231].
[25] K. Kaveh and I. F. Herbut, Chiral symmetry breaking in QED(3) in presence of irrelevant
interactions: A Renormalization group study, Phys. Rev. B71 (2005) 184519
[cond-mat/0411594].
[26] T. Appelquist, D. Nash and L. C. R. Wijewardhana, Critical Behavior in
(2+1)-Dimensional QED, Phys. Rev. Lett. 60 (1988) 2575.
[27] V. Azcoiti and X.-Q. Luo, Phase structure of compact lattice QED in three-dimensions with
massless Fermions, Mod. Phys. Lett. A8 (1993) 3635 [hep-lat/9212011].
[28] K.-I. Kubota and H. Terao, Dynamical symmetry breaking in QED(3) from the Wilson RG
point of view, Prog. Theor. Phys. 105 (2001) 809 [hep-ph/0101073].
21
[29] H. Kleinert, F. S. Nogueira and A. Sudbø, Deconfinement transition in three-dimensional
compact U(1) gauge theories coupled to matter fields, Phys. Rev. Lett. 88 (2002) 232001
[hep-th/0201168].
[30] I. F. Herbut and B. H. Seradjeh, Permanent confinement in the compact QED(3) with
fermionic matter, Phys. Rev. Lett. 91 (2003) 171601 [cond-mat/0305296].
[31] T. Appelquist and L. C. R. Wijewardhana, Phase structure of noncompact QED3 and the
Abelian Higgs model, in Proceedings, 3rd International Symposium on Quantum theory and
symmetries (QTS3): Cincinnati, USA, September 10-14, 2003, pp. 177–191, 2004,
hep-ph/0403250, DOI.
[32] C. S. Fischer, R. Alkofer, T. Dahm and P. Maris, Dynamical chiral symmetry breaking in
unquenched QED(3), Phys. Rev. D70 (2004) 073007 [hep-ph/0407104].
[33] F. S. Nogueira and H. Kleinert, Quantum electrodynamics in 2+1 dimensions, confinement,
and the stability of U(1) spin liquids, Phys. Rev. Lett. 95 (2005) 176406
[cond-mat/0501022].
[34] F. S. Nogueira and H. Kleinert, Compact quantum electrodynamics in 2+1 dimensions and
spinon deconfinement: A Renormalization group analysis, Phys. Rev. B77 (2008) 045107
[0705.3541].
[35] J. Braun, H. Gies, L. Janssen and D. Roscher, Phase structure of many-flavor QED3, Phys.
Rev. D90 (2014) 036002 [1404.1362].
[36] Y. Huh and P. Strack, Stress tensor and current correlators of interacting conformal field
theories in 2+1 dimensions: Fermionic Dirac matter coupled to U(1) gauge field, JHEP 01
(2015) 147 [1410.1902].
[37] L. Di Pietro, Z. Komargodski, I. Shamir and E. Stamou, Quantum Electrodynamics in d=3
from the  Expansion, Phys. Rev. Lett. 116 (2016) 131601 [1508.06278].
[38] L. Janssen, Spontaneous breaking of Lorentz symmetry in (2 + )-dimensional QED, Phys.
Rev. D94 (2016) 094013 [1604.06354].
[39] S. Giombi, I. R. Klebanov and G. Tarnopolsky, Conformal QEDd, F -Theorem and the 
Expansion, J. Phys. A49 (2016) 135403 [1508.06354].
[40] S. Giombi, G. Tarnopolsky and I. R. Klebanov, On CJ and CT in Conformal QED, JHEP
08 (2016) 156 [1602.01076].
[41] I. F. Herbut, Chiral symmetry breaking in three-dimensional quantum electrodynamics as
fixed point annihilation, Phys. Rev. D94 (2016) 025036 [1605.09482].
[42] S. M. Chester and S. S. Pufu, Towards bootstrapping QED3, JHEP 08 (2016) 019
[1601.03476].
[43] S. M. Chester and S. S. Pufu, Anomalous dimensions of scalar operators in QED3, JHEP
08 (2016) 069 [1603.05582].
[44] A. V. Kotikov and S. Teber, Critical behavior of (2 + 1)-dimensional QED: 1/Nf
corrections in an arbitrary nonlocal gauge, Phys. Rev. D94 (2016) 114011 [1609.06912].
[45] V. P. Gusynin and P. K. Pyatkovskiy, Critical number of fermions in three-dimensional
QED, Phys. Rev. D94 (2016) 125009 [1607.08582].
[46] A. Thomson and S. Sachdev, Spectrum of conformal gauge theories on a torus, Phys. Rev.
B95 (2017) 205128 [1607.05279].
22
[47] A. Thomson and S. Sachdev, Quantum electrodynamics in 2+1 dimensions with quenched
disorder: Quantum critical states with interactions and disorder, Phys. Rev. B95 (2017)
235146 [1702.04723].
[48] L. Di Pietro and E. Stamou, Scaling dimensions in QED3 from the -expansion, JHEP 12
(2017) 054 [1708.03740].
[49] L. Di Pietro and E. Stamou, Operator mixing in the -expansion: Scheme and
evanescent-operator independence, Phys. Rev. D97 (2018) 065007 [1708.03739].
[50] S. Benvenuti and H. Khachatryan, QED’s in 2+1 dimensions: complex fixed points and
dualities, 1812.01544.
[51] Z. Li, Solving QED3 with Conformal Bootstrap, 1812.09281.
[52] J. Steinberg and B. Swingle, Thermalization and chaos in QED3, Phys. Rev. D99 (2019)
076007 [1901.04984].
[53] S. Benvenuti and H. Khachatryan, Easy-plane QED3’s in the large Nf limit, 1902.05767.
[54] N. Parga, Finite Temperature Behavior of Topological Excitations in Lattice Compact QED,
Phys. Lett. 107B (1981) 442.
[55] U. M. Heller, The String Tension in (2+1)-dimensional Compact Lattice QED for All
Couplings: A Variational Calculation, Phys. Rev. D23 (1981) 2357.
[56] J. B. Marston, Instantons and Massless Fermions in (2+1)-dimensional Lattice QED and
Antiferromagnets, Phys. Rev. Lett. 64 (1990) 1166.
[57] I. J. R. Aitchison, N. Dorey, M. Klein-Kreisler and N. E. Mavromatos, Phase structure of
QED in three-dimensions at finite temperature, Phys. Lett. B294 (1992) 91
[hep-ph/9207246].
[58] D. Cangemi, E. D’Hoker and G. V. Dunne, Derivative expansion of the effective action and
vacuum instability for QED in (2+1)-dimensions, Phys. Rev. D51 (1995) R2513
[hep-th/9409113].
[59] I. I. Kogan and A. Kovner, Compact QED in three-dimensions: A Simple example of a
variational calculation in a gauge theory, Phys. Rev. D51 (1995) 1948 [hep-th/9410067].
[60] W. E. Brown and I. I. Kogan, Compact QED in three-dimensions with theta term and
axionic confining strings, Phys. Rev. D56 (1997) 3718 [hep-th/9703128].
[61] A. Kovner and B. Svetitsky, Interaction potential in compact three-dimensional QED with
mixed action, Phys. Rev. D60 (1999) 105032 [hep-lat/9811015].
[62] D. Antonov, Various properties of compact QED and confining strings, Phys. Lett. B428
(1998) 346 [hep-th/9802056].
[63] N. E. Mavromatos and J. Papavassiliou, Nonlinear dynamics in QED in three-dimensions
and nontrivial infrared structure, Phys. Rev. D60 (1999) 125008 [hep-th/9904046].
[64] V. K. Onemli, M. Tas and B. Tekin, Phase transition in compact QED(3) and the
Josephson junction, JHEP 08 (2001) 046 [hep-th/0105157].
[65] N. O. Agasian and D. Antonov, Finite temperature behavior of the 3-D Polyakov model with
massless quarks, Phys. Lett. B530 (2002) 153 [hep-th/0109189].
[66] C. D. Fosco and L. E. Oxman, Massless fermions and the instanton dipole liquid in compact
QED(3), Annals Phys. 321 (2006) 1843 [hep-th/0509145].
23
[67] M. Ünsal, Topological symmetry, spin liquids and CFT duals of Polyakov model with
massless fermions, 0804.4664.
[68] J. Wang, J.-R. Wang, W. Li and G.-Z. Liu, Confinement induced by fermion damping in
three-dimensional QED, Phys. Rev. D82 (2010) 067701 [1008.0736].
[69] S. El-Showk, Y. Nakayama and S. Rychkov, What Maxwell Theory in D 6= 4 teaches us
about scale and conformal invariance, Nucl. Phys. B848 (2011) 578 [1101.5385].
[70] A. Cherman and M. Ünsal, Critical behavior of gauge theories and Coulomb gases in three
and four dimensions, 1711.10567.
[71] M. C. Diamantini, L. Gammaitoni, C. A. Trugenberger and V. M. Vinokur,
Vogel-Fulcher-Tamman criticality of 3D superinsulators, Sci. Rep. 8 (2018) 15718
[1806.00823].
[72] N. Maggiore, Conserved chiral currents on the boundary of 3D Maxwell theory, J. Phys. A:
Math. Theor. 52 (2019) 115401 [1902.01901].
[73] E. Dagotto, J. B. Kogut and A. Kocić, A Computer Simulation of Chiral Symmetry
Breaking in (2+1)-Dimensional QED with N Flavors, Phys. Rev. Lett. 62 (1989) 1083.
[74] E. Dagotto, A. Kocić and J. B. Kogut, Chiral Symmetry Breaking in Three-dimensional
QED With N(f) Flavors, Nucl. Phys. B334 (1990) 279.
[75] S. J. Hands, J. B. Kogut and C. G. Strouthos, Noncompact QED(3) with N(f) greater than
or equal to 2, Nucl. Phys. B645 (2002) 321 [hep-lat/0208030].
[76] S. J. Hands, J. B. Kogut, L. Scorzato and C. G. Strouthos, Non-compact QED(3) with N(f)
= 1 and N(f) = 4, Phys. Rev. B70 (2004) 104501 [hep-lat/0404013].
[77] S. Hands and I. O. Thomas, Lattice study of anisotropic QED(3), Phys. Rev. B72 (2005)
054526 [hep-lat/0412009].
[78] S. Hands, J. B. Kogut and B. Lucini, On the interplay of fermions and monopoles in
compact QED(3), hep-lat/0601001.
[79] W. Armour, S. Hands, J. B. Kogut, B. Lucini, C. Strouthos and P. Vranas, Magnetic
monopole plasma phase in (2+1)d compact quantum electrodynamics with fermionic matter,
Phys. Rev. D84 (2011) 014502 [1105.3120].
[80] O. Raviv, Y. Shamir and B. Svetitsky, Nonperturbative beta function in three-dimensional
electrodynamics, Phys. Rev. D90 (2014) 014512 [1405.6916].
[81] N. Karthik and R. Narayanan, No evidence for bilinear condensate in parity-invariant
three-dimensional QED with massless fermions, Phys. Rev. D93 (2016) 045020
[1512.02993].
[82] N. Karthik and R. Narayanan, Scale-invariance of parity-invariant three-dimensional QED,
Phys. Rev. D94 (2016) 065026 [1606.04109].
[83] X. Y. Xu, Y. Qi, L. Zhang, F. F. Assaad, C. Xu and Z. Y. Meng, Monte Carlo Study of
Compact Quantum Electrodynamics with Fermionic Matter: the Parent State of Quantum
Phases, Phys. Rev. X9 (2019) 021022 [1807.07574].
[84] T. A. DeGrand and D. Toussaint, Topological Excitations and Monte Carlo Simulation of
Abelian Gauge Theory, Phys. Rev. D22 (1980) 2478.
[85] T. Sterling and J. Greensite, Portraits of the Flux Tube in QED in Three-dimensions: A
Monte Carlo Simulation With External Sources, Nucl. Phys. B220 (1983) 327.
24
[86] M. Karliner and G. Mack, Mass Gap and String Tension in QED Comparison of Theory
With Monte Carlo Simulation, Nucl. Phys. B225 (1983) 371.
[87] P. D. Coddington, A. J. G. Hey, A. A. Middleton and J. S. Townsend, The Deconfining
Transition for Finite Temperature U(1) Lattice Gauge Theory in (2+1)-dimensions, Phys.
Lett. B175 (1986) 64.
[88] R. J. Wensley and J. D. Stack, Monopoles and Confinement in Three-dimensions, Phys.
Rev. Lett. 63 (1989) 1764.
[89] H. D. Trottier and R. M. Woloshyn, Exploring confinement by cooling: a Study of compact
QED in three-dimensions, Phys. Rev. D48 (1993) 4450 [hep-lat/9305018].
[90] M. Baig and H. Fort, Fixed boundary conditions and phase transitions in pure gauge
compact QED, Phys. Lett. B332 (1994) 428 [hep-lat/9406003].
[91] M. N. Chernodub, E.-M. Ilgenfritz and A. Schiller, A Lattice study of 3-D compact QED at
finite temperature, Phys. Rev. D64 (2001) 054507 [hep-lat/0105021].
[92] M. N. Chernodub, E.-M. Ilgenfritz and A. Schiller, Monopoles, confinement and
deconfinement of (2+1)-dimensional compact lattice QED in external fields, Phys. Rev.
D64 (2001) 114502 [hep-lat/0106021].
[93] M. N. Chernodub, E.-M. Ilgenfritz and A. Schiller, Photon propagator, monopoles and the
thermal phase transition in 3-D compact QED, Phys. Rev. Lett. 88 (2002) 231601
[hep-lat/0112048].
[94] M. N. Chernodub, E.-M. Ilgenfritz and A. Schiller, Confinement and the photon propagator
in 3D compact QED: A Lattice study in Landau gauge at zero and finite temperature, Phys.
Rev. D67 (2003) 034502 [hep-lat/0208013].
[95] M. Loan, M. Brunner, C. Sloggett and C. Hamer, Path integral Monte Carlo approach to
the U(1) lattice gauge theory in (2+1)-dimensions, Phys. Rev. D68 (2003) 034504
[hep-lat/0209159].
[96] M. N. Chernodub, E.-M. Ilgenfritz and A. Schiller, The Photon propagator in compact
QED(2+1): The Effect of wrapping Dirac strings, Phys. Rev. D69 (2004) 094502
[hep-lat/0311033].
[97] G. Arakawa, I. Ichinose, T. Matsui and K. Sakakibara, Deconfinement phase transition in
3-D nonlocal U(1) lattice gauge theory, Phys. Rev. Lett. 94 (2005) 211601
[hep-th/0502013].
[98] R. Fiore, P. Giudice, D. Giuliano, D. Marmottini, A. Papa and P. Sodano, QED(3) on a
space-time lattice: A Comparison between compact and noncompact formulation, PoS
LAT2005 (2006) 243 [hep-lat/0509183].
[99] R. Fiore, P. Giudice, D. Giuliano, D. Marmottini, A. Papa and P. Sodano, QED(3) on a
space-time lattice: Compact versus noncompact formulation, Phys. Rev. D72 (2005) 094508
[hep-lat/0506020].
[100] R. Fiore, P. Giudice and A. Papa, Non-compact QED(3) at finite temperature: The
Confinement-deconfinement transition, JHEP 11 (2008) 055 [0808.1631].
[101] O. Borisenko, M. Gravina and A. Papa, Critical behavior of the compact 3d U(1) theory in
the limit of zero spatial coupling, J. Stat. Mech. 0808 (2008) P08009 [0806.2081].
25
[102] O. Borisenko, R. Fiore, M. Gravina and A. Papa, Critical behavior of the compact 3d U(1)
gauge theory on isotropic lattices, J. Stat. Mech. 1004 (2010) P04015 [1001.4979].
[103] O. Borisenko and V. Chelnokov, Twist free energy and critical behavior of 3D U(1) LGT at
finite temperature, Phys. Lett. B730 (2014) 226 [1311.2179].
[104] O. Borisenko, V. Chelnokov, M. Gravina and A. Papa, Deconfinement and universality in
the 3D U(1) lattice gauge theory at finite temperature: study in the dual formulation, JHEP
09 (2015) 062 [1507.00833].
[105] M. Caselle, M. Panero, R. Pellegrini and D. Vadacchino, A different kind of string, JHEP
1501 (2015) 105 [1406.5127].
[106] M. Caselle, M. Panero and D. Vadacchino, Width of the flux tube in compact U(1) gauge
theory in three dimensions, JHEP 1602 (2016) 180 [1601.07455].
[107] M. N. Chernodub, V. A. Goy and A. V. Molochkov, Nonperturbative Casimir effect and
monopoles: compact Abelian gauge theory in two spatial dimensions, Phys. Rev. D95 (2017)
074511 [1703.03439].
[108] M. Chernodub, V. Goy and A. Molochkov, Casimir effect and deconfinement phase
transition, Phys. Rev. D96 (2017) 094507 [1709.02262].
[109] A. Athenodorou and M. Teper, On the spectrum and string tension of U(1) lattice gauge
theory in 2+1 dimensions, JHEP 01 (2019) 063 [1811.06280].
[110] B. Svetitsky, Symmetry Aspects of Finite Temperature Confinement Transitions, Phys.
Rept. 132 (1986) 1.
[111] J. Kuti, J. Polónyi and K. Szlachányi, Monte Carlo Study of SU(2) Gauge Theory at Finite
Temperature, Phys. Lett. 98B (1981) 199.
[112] L. D. McLerran and B. Svetitsky, A Monte Carlo Study of SU(2) Yang-Mills Theory at
Finite Temperature, Phys. Lett. 98B (1981) 195.
[113] L. D. McLerran and B. Svetitsky, Quark Liberation at High Temperature: A Monte Carlo
Study of SU(2) Gauge Theory, Phys. Rev. D24 (1981) 450.
[114] V. Dotsenko and S. Vergeles, Renormalizability of Phase Factors in the Nonabelian Gauge
Theory, Nucl. Phys. B169 (1980) 527.
[115] A. Mykkänen, M. Panero and K. Rummukainen, Casimir scaling and renormalization of
Polyakov loops in large-N gauge theories, JHEP 1205 (2012) 069 [1202.2762].
[116] B. Svetitsky and L. G. Yaffe, Critical Behavior at Finite Temperature Confinement
Transitions, Nucl. Phys. B210 (1982) 423.
[117] J. M. Kosterlitz and D. J. Thouless, Ordering, metastability and phase transitions in
two-dimensional systems, J. Phys. C6 (1973) 1181.
[118] V. L. Berezinski˘ı, Destruction of long range order in one-dimensional and two-dimensional
systems having a continuous symmetry group. 1. Classical systems, Sov. Phys. JETP 32
(1971) 493.
[119] J. M. Kosterlitz, The Critical properties of the two-dimensional XY model, J. Phys. C7
(1974) 1046.
[120] J. V. José, L. P. Kadanoff, S. Kirkpatrick and D. R. Nelson, Renormalization, vortices, and
symmetry breaking perturbations on the two-dimensional planar model, Phys. Rev. B16
(1977) 1217.
26
[121] D. J. Amit, Y. Y. Goldschmidt and G. Grinstein, Renormalization Group Analysis of the
Phase Transition in the 2D Coulomb Gas, Sine-Gordon Theory and XY Model, J. Phys.
A13 (1980) 585.
[122] N. D. Mermin and H. Wagner, Absence of ferromagnetism or antiferromagnetism in
one-dimensional or two-dimensional isotropic Heisenberg models, Phys. Rev. Lett. 17 (1966)
1133.
[123] O. A. McBryan and T. Spencer, On the decay of correlations in SO(N)-symmetric
ferromagnets, Comm. Math. Phys. 53 (1977) 299.
[124] J. Fröhlich and T. Spencer, The Kosterlitz-thouless Transition in Two-dimensional Abelian
Spin Systems and the Coulomb Gas, Commun. Math. Phys. 81 (1981) 527.
[125] W. Janke and K. Nather, Monte Carlo simulation of dimensional crossover in the XY
model, Phys. Rev. B 48 (1993) 15807.
[126] N. Schultka and E. Manousakis, Crossover from two-dimensional to three-dimensional
behavior in superfluids, Phys. Rev. B51 (1995) 1712 [cond-mat/9406014].
[127] N. Schultka and E. Manousakis, Scaling of the superfluid density in superfluid films, J. Low
Temp. Phys. 105 (1996) 3 [cond-mat/9602085].
[128] N. Schultka and E. Manousakis, Boundary effects in superfluid films, J. Low Temp. Phys.
109 (1997) 733 [cond-mat/9702216].
[129] K. Nho and E. Manousakis, Heat-capacity scaling function for confined superfluids, Physical
Review B 68 (2003) 174503 [cond-mat/0305500].
[130] C. Zhang, K. Nho and D. P. Landau, Finite-size effects on the thermal resistivity of 4He in
the quasi-two-dimensional geometry, Phys. Rev. B 73 (2006) 174508.
[131] A. Hucht, Thermodynamic Casimir Effect in 4He Films near Tλ: Monte Carlo Results,
Phys. Rev. Lett. 99 (2007) 185301 [0706.3458].
[132] O. Vasilyev, A. Gambassi, A. Maciołek and S. Dietrich, Monte Carlo simulation results for
critical Casimir forces, EPL 80 (2007) 60009 [0708.2902].
[133] M. Hasenbusch, The Kosterlitz-Thouless transition in thin films: a Monte Carlo study of
three-dimensional lattice models, J. Stat. Mech.: Theor. Exp. 02 (2009) P02005 [0811.2178].
[134] Y. Nambu, Strings, Monopoles and Gauge Fields, Phys. Rev. D10 (1974) 4262.
[135] S. Mandelstam, Vortices and Quark Confinement in Nonabelian Gauge Theories, Phys.
Rept. 23 (1976) 245.
[136] G. ’t Hooft, A Property of Electric and Magnetic Flux in Nonabelian Gauge Theories, Nucl.
Phys. B153 (1979) 141.
[137] L. Gross, Convergence of U(1)3 lattice gauge theory to its continuum limit, Commun. Math.
Phys. 92 (1983) 137.
[138] T. Banks, R. Myerson and J. B. Kogut, Phase Transitions in Abelian Lattice Gauge
Theories, Nucl. Phys. B129 (1977) 493.
[139] R. Savit, Topological Excitations in U(1) Invariant Theories, Phys. Rev. Lett. 39 (1977) 55.
[140] J. Glimm and A. M. Jaffe, Instantons in a U(1) Lattice Gauge Theory: A Coulomb Dipole
Gas, Commun. Math. Phys. 56 (1977) 195.
27
[141] B. E. Baaquie, (2 + 1)-dimensional Abelian lattice gauge theory, Phys. Rev. D16 (1977)
3040.
[142] M. Zach, M. Faber and P. Skala, Investigating confinement in dually transformed U(1)
lattice gauge theory, Phys. Rev. D57 (1998) 123 [hep-lat/9705019].
[143] M. Panero, A Numerical study of confinement in compact QED, JHEP 0505 (2005) 066
[hep-lat/0503024].
[144] M. Panero, A Numerical study of a confined QQ¯ system in compact U(1) lattice gauge
theory in 4D, Nucl. Phys. Proc. Suppl. 140 (2005) 665 [hep-lat/0408002].
[145] G. Parisi, R. Petronzio and F. Rapuano, A Measurement of the String Tension Near the
Continuum Limit, Phys. Lett. 128B (1983) 418.
[146] P. de Forcrand, M. D’Elia and M. Pepe, A Study of the ’t Hooft loop in SU(2) Yang-Mills
theory, Phys. Rev. Lett. 86 (2001) 1438 [hep-lat/0007034].
[147] M. Caselle, F. Gliozzi, U. Magnea and S. Vinti, Width of Long Colour Flux Tubes in Lattice
Gauge Systems, Nucl. Phys. B460 (1996) 397 [hep-lat/9510019].
[148] S. L. Sondhi, S. M. Girvin, J. P. Carini and D. Shahar, Continuous quantum phase
transitions, Rev. Mod. Phys. 69 (1997) 315.
[149] M. R. Beasley, J. E. Mooij and T. P. Orlando, Possibility of Vortex-Antivortex Pair
Dissociation in Two-Dimensional Superconductors, Phys. Rev. Lett. 42 (1979) 1165.
[150] D. J. Resnick, J. C. Garland, J. T. Boyd, S. Shoemaker and R. S. Newrock,
Kosterlitz-Thouless Transition in Proximity-Coupled Superconducting Arrays, Phys. Rev.
Lett. 47 (1981) 1542.
[151] D. R. Nelson and J. M. Kosterlitz, Universal Jump in the Superfluid Density of
Two-Dimensional Superfluids, Phys. Rev. Lett. 39 (1977) 1201.
[152] P. Minnhagen, The two-dimensional Coulomb gas, vortex unbinding, and
superfluid-superconducting films, Rev. Mod. Phys. 59 (1987) 1001.
[153] B. Sachs, T. O. Wehling, K. S. Novoselov, A. I. Lichtenstein and M. I. Katsnelson,
Ferromagnetic two-dimensional crystals: Single layers of K2CuF4, Phys. Rev. B 88 (2013)
201402 [1311.2410].
[154] D. B. Abraham, Surface Structures and Phase Transitions – Exact Results, in Phase
Transitions and Critical Phenomena, C. Domb and J. L. Lebowitz, eds., vol. 10, (London),
pp. 1–74, Academic Press, (1986).
[155] P. C. Hohenberg, Existence of Long-Range Order in One and Two Dimensions, Phys. Rev.
158 (1967) 383.
[156] S. R. Coleman, There are no Goldstone bosons in two-dimensions, Commun. Math. Phys.
31 (1973) 259.
[157] M. Hasenbusch, M. Marcu and K. Pinn, High precision renormalization group study of the
roughening transition, Physica A208 (1994) 124 [hep-lat/9404016].
[158] M. Hasenbusch and K. Pinn, Computing the roughening transition of Ising and
solid-on-solid models by BCSOS model matching, J. Phys. A30 (1997) 63
[cond-mat/9605019].
[159] M. Hasenbusch, The Two dimensional XY model at the transition temperature: A High
precision Monte Carlo study, J. Phys. A38 (2005) 5869 [cond-mat/0502556].
28
[160] A. Pelissetto and E. Vicari, Critical phenomena and renormalization group theory, Phys.
Rept. 368 (2002) 549 [cond-mat/0012164].
[161] L. P. Kadanoff and A. C. Brown, Correlation functions on the critical lines of the Baxter
and Ashkin-Teller models, Annals Phys. 121 (1979) 318.
[162] L. P. Kadanoff, Multicritical behavior at the Kosterlitz-Thouless critical point, Ann. Phys.
120 (1979) 39.
[163] R. Dijkgraaf, E. P. Verlinde and H. L. Verlinde, C = 1 Conformal Field Theories on
Riemann Surfaces, Commun. Math. Phys. 115 (1988) 649.
[164] K. G. Wilson, Non-Lagrangian models of current algebra, Phys. Rev. 179 (1969) 1499.
[165] P. H. Ginsparg, Applied Conformal Field Theory, in Les Houches Summer School in
Theoretical Physics: Fields, Strings, Critical Phenomena Les Houches, France, June
28-August 5, 1988, pp. 1–168, 1988, hep-th/9108028.
[166] M. C. Diamantini, C. A. Trugenberger and V. M. Vinokur, Confinement and Asymptotic
Freedom with Cooper pairs, APS Physics 1 (2018) 77 [1807.01984].
[167] M. D’Elia, Lattice QCD Simulations in External Background Fields, Lect. Notes Phys. 871
(2013) 181 [1209.0374].
[168] G. Endrődi, QCD in magnetic fields: from Hofstadter’s butterfly to the phase diagram, PoS
Lattice 2014 (2014) 018 [1410.8028].
[169] A. J. Niemi and G. W. Semenoff, Axial Anomaly Induced Fermion Fractionization and
Effective Gauge Theory Actions in Odd Dimensional Space-Times, Phys. Rev. Lett. 51
(1983) 2077.
[170] A. N. Redlich, Parity Violation and Gauge Noninvariance of the Effective Gauge Field
Action in Three-Dimensions, Phys. Rev. D29 (1984) 2366.
[171] L. Alvarez-Gaumé, S. Della Pietra and G. W. Moore, Anomalies and Odd Dimensions,
Annals Phys. 163 (1985) 288.
[172] E. Witten, The “Parity” Anomaly On An Unorientable Manifold, Phys. Rev. B94 (2016)
195150 [1605.02391].
[173] N. Seiberg, T. Senthil, C. Wang and E. Witten, A Duality Web in 2+1 Dimensions and
Condensed Matter Physics, Annals Phys. 374 (2016) 395 [1606.01989].
[174] P.-S. Hsin and N. Seiberg, Level/rank Duality and Chern-Simons-Matter Theories, JHEP
09 (2016) 095 [1607.07457].
[175] J. Murugan and H. Nastase, Particle-vortex duality in topological insulators and
superconductors, JHEP 05 (2017) 159 [1606.01912].
[176] A. Karch and D. Tong, Particle-Vortex Duality from 3d Bosonization, Phys. Rev. X6
(2016) 031043 [1606.01893].
[177] A. Karch, B. Robinson and D. Tong, More Abelian Dualities in 2+1 Dimensions, JHEP 01
(2017) 017 [1609.04012].
[178] S. Kachru, M. Mulligan, G. Torroba and H. Wang, Bosonization and Mirror Symmetry,
Phys. Rev. D94 (2016) 085009 [1608.05077].
[179] S. Kachru, M. Mulligan, G. Torroba and H. Wang, Nonsupersymmetric dualities from
mirror symmetry, Phys. Rev. Lett. 118 (2017) 011602 [1609.02149].
29
[180] O. Aharony, F. Benini, P.-S. Hsin and N. Seiberg, Chern-Simons-matter dualities with SO
and USp gauge groups, JHEP 02 (2017) 072 [1611.07874].
[181] F. Benini, P.-S. Hsin and N. Seiberg, Comments on global symmetries, anomalies, and
duality in (2 + 1)d, JHEP 04 (2017) 135 [1702.07035].
[182] C. Wang, A. Nahum, M. A. Metlitski, C. Xu and T. Senthil, Deconfined quantum critical
points: symmetries and dualities, Phys. Rev. X7 (2017) 031051 [1703.02426].
[183] D. Gaiotto, Z. Komargodski and N. Seiberg, Time-reversal breaking in QCD4, walls, and
dualities in 2 + 1 dimensions, JHEP 01 (2018) 110 [1708.06806].
[184] L. Di Pietro, D. Gaiotto, E. Lauria and J. Wu, 3d Abelian Gauge Theories at the Boundary,
1902.09567.
[185] M. E. Peskin, Mandelstam ’t Hooft Duality in Abelian Lattice Models, Annals Phys. 113
(1978) 122.
[186] C. Dasgupta and B. I. Halperin, Phase Transition in a Lattice Model of Superconductivity,
Phys. Rev. Lett. 47 (1981) 1556.
[187] T. Senthil, D. T. Son, C. Wang and C. Xu, Duality between (2 + 1)d Quantum Critical
Points, 1810.05174.
[188] A. Karch, D. Tong and C. Turner, A Web of 2d Dualities: Z2 Gauge Fields and Arf
Invariants, 1902.05550.
[189] D. T. Son, Is the Composite Fermion a Dirac Particle?, Phys. Rev. X5 (2015) 031027
[1502.03446].
[190] D. F. Mross, J. Alicea and O. I. Motrunich, Explicit derivation of duality between a free
Dirac cone and quantum electrodynamics in (2+1) dimensions, Phys. Rev. Lett. 117 (2016)
016802 [1510.08455].
[191] C. Wang and T. Senthil, Dual Dirac Liquid on the Surface of the Electron Topological
Insulator, Phys. Rev. X5 (2015) 041031 [1505.05141].
[192] M. A. Metlitski and A. Vishwanath, Particle-vortex duality of two-dimensional Dirac
fermion from electric-magnetic duality of three-dimensional topological insulators, Phys.
Rev. B93 (2016) 245151 [1505.05142].
[193] G. Boyd, J. Engels, F. Karsch, E. Laermann, C. Legeland et al., Thermodynamics of SU(3)
lattice gauge theory, Nucl. Phys. B469 (1996) 419 [hep-lat/9602007].
[194] S. Borsányi, G. Endrődi, Z. Fodor, S. D. Katz and K. K. Szabó, Precision SU(3) lattice
thermodynamics for a large temperature range, JHEP 1207 (2012) 056 [1204.6184].
[195] M. Caselle, A. Nada and M. Panero, QCD thermodynamics from lattice calculations with
non-equilibrium methods: The SU(3) equation of state, Phys. Rev. D98 (2018) 054513
[1801.03110].
[196] M. Panero, Thermodynamics of the QCD plasma and the large-N limit, Phys. Rev. Lett.
103 (2009) 232001 [0907.3719].
[197] M. Bruno, M. Caselle, M. Panero and R. Pellegrini, Exceptional thermodynamics: The
equation of state of G(2) gauge theory, JHEP 1503 (2015) 057 [1409.8305].
[198] M. Caselle, A. Nada and M. Panero, Hagedorn spectrum and thermodynamics of SU(2) and
SU(3) Yang-Mills theories, JHEP 07 (2015) 143 [1505.01106].
30
[199] L. Giusti and M. Pepe, Equation of state of the SU(3) Yang-Mills theory: a precise
determination from a moving frame, Phys. Lett. B769 (2017) 385 [1612.00265].
[200] M. Kitazawa, T. Iritani, M. Asakawa, T. Hatsuda and H. Suzuki, Equation of State for
SU(3) Gauge Theory via the Energy-Momentum Tensor under Gradient Flow, Phys. Rev.
D94 (2016) 114512 [1610.07810].
[201] P. Giudice and S. Piemonte, Improved thermodynamics of SU(2) gauge theory, Eur. Phys.
J. C77 (2017) 821 [1708.01216].
[202] T. Iritani, M. Kitazawa, H. Suzuki and H. Takaura, Thermodynamics in quenched QCD:
energy-momentum tensor with two-loop order coefficients in the gradient-flow formalism,
PTEP 2019 (2019) 023B02 [1812.06444].
[203] J. Christensen, G. Thorleifsson, P. Damgaard and J. Wheater, Thermodynamics of SU(3)
lattice gauge theory in (2+1)-dimensions, Nucl. Phys. B374 (1992) 225.
[204] P. Bialas, L. Daniel, A. Morel and B. Petersson, Thermodynamics of SU(3) Gauge Theory
in 2 + 1 Dimensions, Nucl. Phys. B807 (2009) 547 [0807.0855].
[205] M. Caselle, L. Castagnini, A. Feo, F. Gliozzi and M. Panero, Thermodynamics of SU(N)
Yang-Mills theories in 2+1 dimensions I – The confining phase, JHEP 1106 (2011) 142
[1105.0359].
[206] M. Caselle, L. Castagnini, A. Feo, F. Gliozzi, U. Gürsoy et al., Thermodynamics of SU(N)
Yang-Mills theories in 2+1 dimensions II – The deconfined phase, JHEP 1205 (2012) 135
[1111.0580].
31
